Vs rius
“\‘ LETOILE

Probability of invertibility

[smail Cherkaoui

October 26, 2022

Question 1:

Xy - 0
Let xa = det ) :
0 - X,

Expanding with respect to the first column:

X o .- 0
. —An—1 O
—An-—1 : X i
xu = det 0 0 + (—=1)" det '
anl 0 Xn—l
0 0 —-X
- X anl 4 ( 1)n (_1)7171

Note & = e X has n simple roots, which are & for k € [1,n]. Since the space is
of dimension n, the eigenspaces FE¢, are of dimension 1.
Let Vi be an eigenvector of M associated with &. MV, = &, Vi. Therefore:

x1 = &y,
xj = &xj1, J € [2,n]

Thus:

Question 2:

P(A ¢ GL,(C)) = P(det(A) = 0).
Note that A = Y170 X;M7 = P(M) with P(X) = Y170 X;X7.
Let Vk € [1,n], Vi = (1 & ... & "

1



(Vi,...,V,) forms a basis of eigenvectors of M. (Vi,...,V,) also forms a basis of
eigenvectors of A = P(M) associated with P(&).

n

det(4) = [ P(&).

k=1

We deduce:

P(A¢ GL,(C)) =P (CJ P(&,) = 0) .

k=1
For j e [I,n—1], let [; = {T € Q[X] | T'(§;) = 0}. I; is an ideal of the ring Q[X], so
there exists a polynomial II; € Q[X] such that 1; = I1;Q[X].

X"+ +X+1€el;

As fj_l # 0, we have 1 + 5;1 + ...+ 5;(7“1) € I;. Therefore, there exists T' € Q[X]
such that 1 + 51—1 +... —|—§j_(n_1) =ILT. Now, 1+& + ...+ S;L_l



